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Fluctuations of Macrovariables in Nonlinear Systems:
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Fluctuations in nonlinear Markovian systems are studied by the Langevin
equation method using system-size expansion. Langevin equations with
different random sources are constructed for the description of fluctuations
to varying degrees of accuracy in inverse powers of the system size e.
Evolution equations for the deterministic path, deviation of the mean from
the deterministic path, and the variance are obtained in a nonstationary
state in the lowest order of . The power spectral density for fluctuations
about a stable equilibrium is calculated correct to order € and is compared
to the exact expression for the Alkemade diode. The relaxation frequency
for the decay of correlations in a critical equilibrium and the scaling law for
the anomalous fluctuations are determined and compared to those obtained
by Kubo et al.

KEY WORDS : Fluctuations far from equilibrium ; Markovian processes;
Langevin equation ; Alkemade diode ; system-size expansion ; relaxation of
fluctuations in critical states ; nonlinear reactor noise.

1. INTRODUCTION

In this paper we study the fluctuations of macrovariables in nonlinear macro-
scopic systems with the Langevin equation method. A macrovariable is
defined as an extensive quantity characterizing, along with other similar
quantities, a macrostate of the macroscopic system consisting of a large
number of interacting or noninteracting elementary subsystems. The number
of neutrons in a nuclear reactor, the total magnetization in a ferromagnet,
and the population of a given kind in a microbial community are examples
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of macrovariables in physical and nonphysical systems. The characteristic
feature of such variables is that they are a superposition of a large number of
microscopic quantities, and they display fluctuations about their statistical
average when considered as a function of time. These fluctuations are regarded
as a random process. The macroscopic system may be in thermal equilibrium,
or just in a steady state, or even in a nonstationary state. In any case, one is
interested in determining the joint probability distribution function describing
the statistics of the fluctuations of macrovariables in the system as a function
of time. In some instances one is satisfied only with the calculation of two-
time correlations of pairs of dynamical variables when the complete statistical
problem is insoluble.

In the macroscopic theory of fluctuations one usuaily assumes that the
fluctuations of the macrovariables constitute a Markovian random process,
and starts with the master equation describing such processes in terms of
transition probabilities per unit time. Van Kampen® showed, using the
Kramers-Moyal expansion of the master equation in powers of ¢ = 1/€,
where  is the size of the system, which is assumed to be uniform, that the
master equation reduces in the lowest order in e to a linear Fokker-Planck
equation with time-dependent coefficients, and the probability distribution of
the macrovariables about the most probable path is Gaussian. More speci-
fically, he concluded that it is inconsistent to use the nonlinear Fokker-Planck
equation in nonlinear systems without including at the same time higher
derivatives of the distribution function than the second. More recently Kubo
et al.® obtained time evolution equations for the most probable path (or
deterministic motion), variance, and deviation of the mean from the deter-
ministic path by first proving conservation of the extensive property of the
distribution function P(X, t) of a macrovariable in time and then using an
expansion of In P(X, ) again in powers of e. They illustrated the application
of the evolution equations to the Weiss-Ising model and discussed some
aspects of anomalous fluctuations about a marginal and critical equilibrivm.
Their approach also is applicable to uniform systems only. Mori® proposed
a scale transformation of a nonequilibrium macroscopic state to obtain a
kinetic equation for the evolution and fluctuations of the macrovariables in
nonuniform systems. Haken® reviewed techniques for investigating coopera-
tive phenomena in physical systems far from equilibrium and in nonphysical
systems. Recently, Keizer,” in a series of papers, has developed a purely
phenomenological theory of fluctuations in nonlinear Macroscopic systems
in terms of three postulates.

The generally accepted idea of the Langevin equation method which we
use in this paper is that fluctuations of a macrovariable can be taken into
account by simply adding a random source (Langevin assumption) to the
macroscopic rate equation, which is usually known phenomenologically.
Although the physical meaning of this source is often obscure, one assumes
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it to be a white noise process with zero mean obeying the causality condition.
In stationary linear systems, characterized by a linear macroscopic rate
equation, the application of Langevin technique is straightforward. However,
in nonlinear systems the noise source is generally nonstationary and its
spectral density is dependent on the state of the system, so that the application
of the Langevin technique to such systems ceases to be straightforward. van
Kampen® has elucidated the difficulties in the application of Langevin
method to nonlinear macroscopic systems from the point of view of system-
size expansion. Since many recent treatments of nonlinear processes use
the Langevin equation method, we make an attempt in this paper to investi-
gate its foundation and validity for studying fluctuations in nonlinear sys-
tems. We restrict ourselves to Markov processes and develop, by means of
system-size expansion, the stochastic equations describing the fluctuations to
varying degrees of accuracy in powers of €. These equations contain different
random sources, and constitute the Langevin equations for a nonlinear
system. In the description to lowest order in € the theory reproduces evolution
equations for the deterministic path, variance, deviation of the mean from
the deterministic path, the correlation function, scaling rules for anomalous
fluctuations, and the relaxation frequency of their correlation function in a
critical equilibrium, as obtained by Kubo er al.® The next higher order
description of fluctuations enables one to calculate the power spectral density
in stable equilibrium up to order 2. When applied to Alkemade’s diode® as a
nonlinear model system, the latter reproduces the power spectral density
obtained by van Kampen”-® by expanding the exact spectrum in powers of e
and retaining the first two terms. On the basis of these results we conclude
that the Langevin equation method is sound and indeed powerful to study
fluctuations in nonlinear systems.,

In Section 2, we present the moment equations of a Markov process,
which are later used to develop the stochastic equations. In Section 3 we
discuss the foundation of the Langevin equation method as an alternative
approach to the study of fluctuations in nonlinear systems, and obtain the
properties of the Langevin source appearing in the nonlinear macroscopic
equation. In this section in particular we follow Lax® very closely. In Section
4 we use van Kampen’s® system-size expansion to obtain the evolution and
stochastic equations in increasing orders of e. In Section 5 we study fluctua-
tions and the evolution of the mean using the lowest order Langevin descrip-
tion. Section 6 is devoted to the study of fluctuations about equilibrium
using the next higher order Langevin description. The application of the
general results to nonlinear model systems, such as Alkemade’s diode,
the Weiss-Ising model, and nuclear reactors, is presented in Section 7.
Finally, in Section 8 we discuss scaling of fluctuations and time in the
case of a critical equilibrium. The conclusions and discussions appear in
Section 9.
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2. MOMENT EQUATIONS

Let X(¢) be a macrovariable in a uniform system of size Q, and assume
that its fluctuations are described by a Markov process with the master
equation

aP(X OP(X, 1) fd WX = 1,1, )P(X — 1, £) — W(X, r, DP(X, 1)] (1)

where P(X,t) is the probability density at time ¢ and W(X,r, ¢) is the
transition probability per unit time at ¢ from X to X + r with a jump r. We
assume that W obeys

W(X,r, 1) = Qu(x,r, 1) @

where x = X/Q is the intensive variable and w(x, r, t) does not depend on Q
explicitly. The master equation (1) is written in terms of x and w as

51’(?‘, 2 fdr [w(x — er,r, t)P(x — er, 1) — w(x,r, 1)P(x, )] (3)

where € = Q71 and P(x, ) = QP(X, t). The moments of the transition
probability are defined by

ealx, £) = f dr rholx, 1, £) @)

Clearly the c,(x, t) also do not depend on e explicitly. In a time-invariant
system the transition probability » and, hence, ¢, are independent of time.
The moments of x(¢) are obtained from (3) as

d<x(epldr = {es[x(2), 1] &)
dP(e)[dt = 2{es[x(t), t]x(1)) + eeafx(e), (D ©®
d<{x(@)y/dt = 3{c,[x(t), t}x?(2)) + 3eealx(t), t1x(2))

+ eXeslx(0), 11D M

where we define

Lo (0, D)) = f dx c(x, £)x"P(x, 1) ®)

The transition probability P(x, ¢|x’, t") (¢ > t’) of the processes satisfies
(3), as a function of ¢, with the initial condition P(x, t|x, ) = 8(x — x').
The Markov property implies
Po(X1, 115 Xa, taje; Xn, bo)

= P(xy, t)P(x2, ta}x1, 11) -+ P(Xn, talXn_1, th-1)
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wheret, > t,_; > > t; and P, is the joint probability density at £, , ,,..., Z,.
Using P,, one defines the correlation function of the process for ¢ > ¢’ as

COX(E)> = j dx X P, 1) f dx xP(x, {|x, ') )
Differentiating (9) with respect to ¢ and using the master equation, one obtains

Kx(@)x(2' /ot = Leu[x(2), t1x(t')> (10)

where
Cerlx(), 1x(t)) = f dx f dx’ x'cy(x, P, t'; %, 1)

The derivation of (10) shows that it can be generalized as
@[t Xx(O)f XD = Lealx(@), t1f IO, > ¢ (1n

where f(x) is an arbitrary function. In particular, we have
@forKx(@)er[x(1), '] = Laalx(@), tlea[x(@), ', t>1¢" (12

which will be needed later.
Higher order two-time correlation functions can be obtained starting
from (9). For example, one finds

©@ot)x2()x(t")y = 2{ci[x(2), t1x(t)x(t")>
+ elea[x(t), t1x(t')), >t (13)
which will also be needed later.

In the case of a multivariable description of the macroscopic system,
x(?) is replaced by a vector x(¢) = col[x,(?),..., x,(t)] in the master equation
(3). The components of x denote different intensive quantities. The moment
equations become

d<x(t)pdt = {e;[x(?), 1]} (14)
d<x(O)X()y/dt = {ei[x(2), 1]&()> + <x(2)%[x(2), t]>
+ e(Ce[x(2), ] (15)

@/oxOX()) = <alx(®), 11KCD), 1> 1 (16)

where ¢, is a vector, c, is a square matrix, and ¥ is the transpose of the column
vector x. Other moment equations can be written in a similar way in tensor
notation; however, we shall not need them in the subsequent analysis.
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3. FOUNDATION OF LANGEVIN EQUATION METHOD

Let x(¢), as a function of time, be a particular realization of the Markov
process. We may formally operate on this function to define a new function
a(t) = 4[t, x(¢)] as

dx(t)dt = ci[x(2), 1] + Ved(t) amn

where the factor Ve is introduced, anticipating the scaling property of 4(¢),
to simplify the notation. In this equation, ¢,(x, ¢) is assumed to be a known
function of x and ¢. The question of the definition and existence of the
derivative of the random function x(¢) certainly requires some attention at this
point, but we leave this to mathematicians®® and proceed formally.

The operation in (17) defines a new random process {4(¢)} whose statis-
tical properties can be obtained in principle from the description of the
original Markov process {x(¢)}. The following properties of 4(¢) are needed
for the present discussion:

)y =0 (18a)

<) GHEI t>t (18b)

HORE)) + <x@)3(e)) = Veleg[x(t), 1] (18¢)
()3t = <cafx(2), t]> 3(z — 1) (18d)

The first property is trivially proved by taking the ensemble average of
(17) in the sense of (8) and using (14). In fact, the particular operator defined
by (17) is chosen so that (18a) holds. Relation (18b) is obtained by multiplying
(17) by X(¢'), taking the ensemble average, and comparing the resulting
equation to (16). It represents the causality condition. The property (18¢) is
proved by first multiplying (17) from the right by %(¢), then multiplying its
transpose from the left by x(¢), taking the ensemble average of the resulting
equations, and finally adding them up. When the final equation is compared
to (15), (18c) is obtained.

The proof of (18d) is somewhat lengthy. Since it plays an important role
in the Langevin theory, we present its proof in the one-dimensional case. We
essentially foliow a procedure used by Lax® and extend it slightly to the
nonlinear nonstationary case. From (17)

ecatnaeyy = {{E2 - e, H{EE) - el 11} >

— S A — 2 KO Dy

— 2 alx (), ) + <@, Aalx@), (D (19)
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When ¢ = ¢’ the first term in (19) is to be interpreted as
(2%[0t 6t ) x(E)x(t ) e=v

Let us first consider the case ¢ # ¢’, and, to be specific, assume ¢ > ¢’. Then,
from (16)

(92/0t "X x()x(t')y = (o) ea[x(), t]x('))

This cancels the third term in (19). The last term cancels the second when
t > t' by virtue of (12). When ¢ < ¢’ one proceeds in a similar way and shows
that in this case the first term cancels the second, and so on. Hence, we
establish {(4(¢)4(t")> = O for ¢ # t'. In order to handle the case ¢t = t’, we
introduce the unit step function H(z) with H(z) = 1, ¢t > 0, and H(¢) +
H(—1) = 1, and use the identity

 x(@Ox()) = H(t — ')Xx(@)x(t)) + H(@' — e)Xx()x(t'))
One can verify that
(9%/0t ot )[H (t — ¢ )<x()x(1)]
= —8'( — 'XKx(O)x(2)> — 8(t — t'Xeo[x(2), 11x()>
+ H(t — t')o/ot"Kei[x(t), t1x(t')) (20)

where 8'(2) is the derivative of the Dirac delta function 8(¢). In obtaining (20),
we used 8(¢r — ') x(f)x(t")) = 8(t — t')Xx(¢)x(¢)) after performing differ-
entiation with respect to ¢. Similarly, one has

(%ot or)H(t" — tXx(t)x(t))]
= =8(t" — <xE)x(t)> — 8(t — ') x()ea[x(2), 1>
+ H(@' — t)@/et)x(t)e[x(t), ') 21
Adding (20) and (21) and using §'(¢ — t') = —&'(t' — t), we obtain

o XY
= 8~ KD ~ O]
= 8t = OKHOIHD), 1D + <ealx(0), 11x0)]
+ HE = 1) (alx(®), (D + HE = 1) £ Glealst), 1>

(22a)
The first term in (22a) is simplified by®?

S (1) = —8)f'(0) +£0) ()
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as
8'(r — £)x(@)x(t)> ~ {x()x(2))]
= S (Dx(t)x(t)> — <x(t” + Tt + 7))]
= §()@for)x(t" + X' + 7))
= 8(t — ')(d]dt)Xx()x(t)) (22b)

Substituting (22b) into (22a) and the resulting equation into (19), we obtain
in matrix form

«d(1)a(t)y = 8(1 — )(d/dEXX(DR()> — <eu[x(2), 11X(1))
— <x(0)&,[x(2), 1] (23)

If we eliminate d[{x(¢)X(¢)>]/dt in (23) using (15), we get (18d). It is to be
noted that these conclusions are valid quite generally for any Markov process.
Although we have based the derivations in this section on the master equation
(3), written in terms of intensive variables, the same conclusions could be
obtained directly, starting from the original master equation (1) for the
extensive variables. One simply sets € = 1 to obtain the corresponding
equations in terms of the extensive variables. The scaling property (2) of the
transition probability has not been used up to this point. It becomes essential
only when e is treated as the smallness parameter and quantities are expanded
in powers of ¢ as is discussed below.

When the process is homogeneous in time, the transition probability w
and its moments (4) are independent of time. If in addition the process is
stationary, then all the one-time moments are constant in time. In particular,
(15) reduces to

«{Ca(x)> = —[ey(X)X) + (x&(x))] (24)

which is the generalized Einstein relation® for a nonlinear process.

The physical implication of Eq. (17) is that it enables one to interpret the
fluctuations of the macroscopic variables as the response of a nonlinear time-
varying system described by a deterministic equation

dax(t)/dt = e [x(2), t]

to a random source Ve 4(¢).2 Equation (17), which is the Langevin equation
for a nonlinear system, provides an alternative and formally equivalent
description of the original random process {x(¢)} in terms of the source
process {4(¢)}. The usefulness of this description lies in the fact that it lends

2 This interpretation is usually considered as the “Langevin assumption,” ® but actually
it is not an assumption until one specifies 4(z).
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itself well to approximations, especially if only the first two moments and the
correlation function of the fluctuations are of interest. The system-size
expansion provides a systematic procedure to implement these approxima-
tions.

4. SYSTEM-SIZE EXPANSION OF THE LANGEVIN EQUATION

To avoid cumbersome notation, we present the derivation of the-approxi-
mate Langevin equations in the one-dimensional case, and start with

dxldt = c,(x) + Ve (25)

where we have suppressed the arguments of x(¢) and 4(¢) and the explicit
time dependence of ¢,(x, ¢) to compress the formulas. The form of (25) and
the fact that <4(z)> = 0 suggest the following substitution:

x=<x> + Veé (26)

where <{x(z))> is the mean and &(¢) is the fluctuation about the mean, viz.
{&(2)> = 0. The equations for {x(¢)> and £(¢) follow from (25) as

dxyldt = ¢,(<x)) + $eci((xD)E%) + §22c1(G)KED + O(®)  (27)

déjdt = ¢,'({x)E + Je2ei(Kx)[€2 — (2]
+ $ecT(OD)[ER — (E3H] + 4(t) + O(*?) (28)
where ¢,’, c},... denote the partial derivatives of ¢,(x, ¢) with respect to x.
Since the lowest power of € is e in (27) and /% in (28), we expand {x)> and ¢ as
(x> =y + euy + %y, (29)
=&+ Vet + by (30)

where y(¢) is the mean, and &y(¢) is the fluctuation about the mean in the
lowest order in €, both being independent of e, Similarly the terrs of the next
order uy(t) and £,(¢) also do not depend on ¢ explicitly. But u,(¢) and £,(¢)
must depend on ¢ implicitly because they account for the rest of the terms in
a power series expansion in €2, They are of order €° in the sense that they do
not vanish as e —> 0. Substituting (29) and (30) into (27) and (28), respectively,
we obtain

dyldt = ci(y) (31)
duo/dt = upc,' () + 3i(YKE (32
duyfdt = uyc,'(¥) + ci(y) o) + 3c1(P)E> + O(?) (33)
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for the evolution of the mean, and

déoldt = £4c1'() + dol2) (34)
dé,fdt = &161'(y) + 3a()é® — &™) + 4(0) (33)
déldt = £5¢,/() + uobocr(y) + c1(WNéoés — <bofrd]

+ 316 — <&2] + 45(r) + O(¢17?) (36)

for the evolution .of the fluctuations. Equations (34)-(36) constitute the
approximate set of Langevin equations® with different random sources 4o(¢),
41(2), and 44(¢). The latter are introduced by expanding 4(¢) in (28) as

a(t) = dot) + Ve di(t) + edoft) (37
Here also 44(2) and 4,(¢) are independent of e, but 4,(¢) depends on € im-
plicitly. The properties of these sources are obtained from the relations (18)
satisfied by 4(f), x(¢), and cu(x,¢) by substituting x = y + Ve &, +
e(uy + £1) + €%y + £;) and expanding cy(x, ¢) about y. We present the
results only?:

{do(t)y =0 (38a)
(Bo(t)6o(t)) = 0, t>4 (38b)
(Bo(t)éo(2)) = Fea(y) (38¢)
$o(1)do(t)> = co(y) 8(t — 1) (38d)

a:(t)> =0 (392)
Géa)y =0, >1¢ (39b)
(au(D)E:(1)) = 2led' (uo + 32y E™D] (39¢)
(8u()8:(t)) = [e2'(P)uo + 3c2(y XD 8(r — ) (39d)

{Bo(t)y =0 (40a)
{Bo(t)Eo(t)) = 0, t>t (40b)
$Ba(t)€a(t)) = Huoch(y) + uolo®>ea(y) + (£*€10c5(y)

+ ci(y X&) (40c)
{a(t)d5(t")) = 2{35(t)éx(1) 32 — t') (40d)

3 The terms proportional to {£&%) are actually not present in (33) and (36) because £,(t)
is Gaussian at all times, as shown later.
¢ Actually in place of (39b) one obtains

BVt + (Ba)6et')> + <h(1)er(t)> =0, ¢>¢

but it seems that one can split this into (39b) and (42b) without violating any consistency
relation. However, only this combined form appears in the later derivations.
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Equations (38)~(40) are the usual properties satisfied by the Langevin sources.
In addition to these, we also get the following cross-correlations:

(o(2)0:(t")> + L3o(t)(2)) = 0 (41a)

(Bo(t)82(2)> + <8o(t")d2(2)y = 0 (41b)
(u(0)a5(t)> + <a:(t)02(1)> = e’ D)y + ca(y Kéob>

+ 3c3(yX€1 8(r — 1) (41c)

i)t + Bo(D)éa(t)> =0, t>1 (42a)
Bo(DE(t) + (Do) =0, t2 ¢ (42b)
GOE() + (4()6a(t)) =0, t>1 (42¢)

61(0)&:(1)) + <{Ba(1)2(2)) = 3o’ (P)un + ca(yXobr)
+ &5 (y)X€.%] (42d)

Equations (41a) and (41b) may be interpreted as denoting that the random
source dy(z) is uncorrelated with 4,(r) and d4,(¢), although the system-size
expansion requires only (41a) and (41b) to hold.

We can obtain other higher order correlations involving the random
sources and fluctuations. We present some of the relations that are used in
the applications discussed later. Multiplying the Langevin equation (25) by
3x2(¢) and taking ensemble averages, we obtain

d{x®>dt = 3c (X)X + 3V e La(2)x2(2)) (43)

A comparison of this equation to (7) leads to
U)Xy = Ve leaX)x) + 12K e(x)) (44)

Substituting x = (x> + Ve £ in (44), we get
{B)E)> = {ea(¥)E> + 3Ve Leo(x)) (45)

where we have used
)y = Heolx))
Expanding 4(¢), £(¢), and x(¢) in powers of ¢, we obtain
{do(1)é(2)) = 0 (46)
2do()éo()é1(1)) + (a(D)E%(1)) = ' (¥)X&®> + 3es(y)  (47)

Equation (46) is also a consequence of the Gaussian nature of &,(¢), which
will be proven later.
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We now multiply the Langevin equation (25) by 2x(¢)x(¢"), ¢ > t’, and
take the ensemble averages to obtain

(@fotXx*(£)x(t')> = 2<ea[x()]x()x(2)]>
+ Ve 2()x()x(t)>, t> ¢t (48)

Comparing this equation to (13) yields

OxOx(E)y = IVeledx(OI(t)y, t> ¢ (492)
which can be reduced to
GERER)) = Kea[x(0)E()), 1> (49b)

with x = (x> + Ve £(). Again expanding x, ¢, and 4 as in (29), (30), and
(37), we obtain

GoM)éa()6et)) =0, > 1 (50)
Bu()Ea(1)Eo(1)) + (Bo()Ea(1)Ee(2)> + (do(2)éo(1)E1(2)>
= 1 (YN&(t)éot)), 1> (D

The conclusion (50) is also a consequence of the Gaussian nature of £,(¢) and
30(t). Equation (51) will be used in constructing the power spectral density
correct to order €2 in Section 6.

5. LANGEVIN DESCRIPTION IN THE LOWEST ORDER IN €
We summarize the Langevin equations in the lowest order in e:
dyjdt = ci(y, t) (52)
déoldt = Eqci' (1, 1) + (1) (53)

where 4,(¢) satisfies Egs. (38). Equation (52) determines the evolution of the
mean {x(¢)> = y(t) + eus(t) + %uy(t) + O(e?) in the. limit ¢ - 0, and is
referred to by Kubo er al.® as the deterministic equation. In the time-
invariant system, ¢;(y, t) [as well as cy(¥, 1) in (38)] does not depend on time
explicitly. In this case the solution of (52) can always be constructed by
quadrature®;

v
1
t—to=| dy—= 54
0 Loycl(y) (54

where y, is the initial condition at #,.
The stochastic equation (53) describes the fluctuations in the lowest
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order, viz., &) = &(t) + Y2 £,(2) + €£.(t) + O(*?). Multiplying it by
2£0(t) and using (38¢) yields

do/dt = 2¢,"(p, t)o(t) + co(p, 1) (55)

where o(t) = (£,?), so that the variance of x is eo(t). In a time-invariant
system its solution can be obtained as

Y
o) = Rl (MOIF + ¥ [ & (et (59)

Yo
where o, is the initial value of o(t) at #,. This result was obtained by van
Kampen® and Kubo ef al.® As pointed out by the latter authors, o(z) is
determined by the value of y at that instant in the case of a single variable,

as demonstrated by (56).
We can obtain the autocorrelation of x(¢), i.e.,

O, 1) = {[x(t) — <xEPIx() — P
= eE@EE) = Eo(D)éot)) + O(?) (57

in the lowest order from the Langevin equation (53) by multiplying it by
£o(t), taking the ensemble average, and using (38b), as

od(z, t')jot = ¢,'(y, O, 1), t>t (58)

whose solution is
1
(1, 1) = exp{ [ dwesvw, u]}qs(t', 0, it (59)
.,

In the case of a time-invariant system, (59) can be expressed in a more com-
pact form by noting that ®(¢’, t') = eo(t’) and expressing the integral in the
exponent as

yt)

[[aueiin =" amae

vt

with the help of (52). The result is
O, 1) = eo(®Ner[YO))arly(@)), 1> 1 (60)

where y(¢) is given by (54) with ¢ > ¢’ > ¢,. This result was also obtained by
Kubo et al.® by a different method. In the following section we evaluate
d(z, t') when the system is in a stable equilibrium state, correct to order €.
We can obtain the deviation of the mean from the deterministic path in
the lowest order once the variance o(¢) is determined from (55), using (32):

duoldt = uec,'(y, 1) + 3o(t)ci(y, 1) (61)
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The evolution of the mean is then obtained as
x(2)) = y(2) + eup(t) + O(?) (62)

It is noted that the lowest order description of the fluctuations through the
Langevin equation enables one to determine the mean correct to order e.

5.1. Fokker—Planck Equation

The Langevin equation (53) does not provide the distribution function
II(¢,, 1) of &,. However, if 4o(t) were Gaussian, it would have led to the
following Fokker—Planck equation®:

II 0> ! :
e I

But this is identical to the Fokker-Planck equation obtained originally by
van Kampen® in the limit of ¢ — 0, using Kramers-Moyal expansion, for
the fluctuations about the deterministic path. Since (x> = y + euy + O(*?)
and x = (x> + Ve (¢ + Ve &) + 0(*2), & reduces to the fluctuations
about the deterministic path y(¢) as € — 0. We therefore conclude that the
random source d,(z) and £,(¢) are Gaussian random processes (cf. footnote 3).
The non-Gaussian nature of the fluctuations about the mean is accounted for
by the higher order fluctuations ¢&(¢), £4(¢),..., which satisfy higher order
Langevin equations (35), (36),... with their non-Gaussian Langevin sources
81(2), d5(2),....

5.2. Fluctuations About an Equilibrium State

The equilibrium state y, of a time-invariant nonlinear system is deter-
mined as one of the roots of

e(y) =0 (64)
The behavior of the deterministic path about an equilibrium state is governed
by

dsyldt = y, 8y (65)
where
y1 = ¢1'(Ve) (66)
If y; < 0 the equilibrium is stable; otherwise it is unstable. If y, = 0 but
ve = ¢1(ye) # 0 (67a)

then it is a marginal equilibrium. Kubo et al.® refer to the case y; = 0,
y, = 0, and

ya=¢"(y) #0 (67b)
as the critical equilibrium. Here we restrict our attention to a stable equi-
librivm.
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Replacing ¢;'(y, t) by v, in (58) we obtain

@z, t') = elexply,(t — o, t >t (68)
where o, is determined from (55) as
e = co(¥e)/2|y1 (69)
The power-spectral density of the fluctuations follows from (68) as
G(w) = eca(ye)/(w® + 1% (70)

The mean value of the fluctuations in a stable equilibrium state is obtained
from (61) with i, = 0 as

XDeq = Ye + e(y2/2|'yll)0'e (71)

5.3. Muitivariable Description

The Langevin equations in the lowest order in € can easily be written in
matrix form when the states of the macroscopic system are characterized by a
set of variables x(¢) = col[x(¢),..., x.(t)]. Defining x(¢) = <x) + Ve &, and
(x> =y + euy, we find

dyjdt = ¢,[y, 1] (72)
d¥o/dt = Ny, t]€; + 4o(7) (73)
where

Ax, t] = ocy[x, t]/ox (74)

The Langevin source now satisfies [cf. Eqs. (18)]
o)) =0 (753)
Gty =0, >0 (75b)
(Bo(Do(1)> + (Bo(1)3o(2)> = caly(t), 2] (75¢)

{o()Bo(t')> = caly(2), t18(t — 1) (75d)
The evolution of the variance, defined by

c(t) = <€o(t)go(t)>
is obtained from (73) as
do(t)/dt = Ay, tlo + oAy, 1] + caly, 1] (76)

The power spectral density of the fluctuations about a stable equilibrium
state in a time-invariant system is obtained from (73) and (75) as

G(w) = eiw + N~ ea(ye)(—iw. + A)? (77)



48 Ziya A. Akcasu

or equivalently
G(w) = el(iw + N)to, + o(—iw + A)7] (78)

as shown by Lax® in connection with the Langevin method in linear
systems. Here o, is the equilibrium variance matrix.

6. HIGHER ORDER LANGEVIN EQUATIONS

In this section we use higher order Langevin equations to calculate the
power spectral density of fluctuations about a stable equilibrium state. For
simplicity in notation we restrict ourselves to one variable again. The correla-
tion function in an equilibrium state has the following expansion [cf. (30)]:

D(7) = {<Eo(T)E0)> + e[<E(MELD)) + (Eo(T)Ex(0)>
+ EATE(0)D] + €2 Ex(T)E(0))) 79

The cross terms proportional to Ve and €2 in (79) are not included because
they vanish in equilibrium, viz.,
Co(M€:(0)) + <€u()éo0)) = 0 (80a)
Eu()é0)) + <&(n)6,(0)> = 0 (80b)

The proof of (80a) is presented in the appendix. We do not consider (80b)
any further because it is of higher order in ¢ than that to which we intend to
calculate ®(7). From (79) we find

O(7) = e[<€o(1)éo(0)> + ep(7) + O(e?)] @D

where
(1) = (D6 0)) + (Eo(7)E:(0)) + (€a(n)€x(0)> (82)

The first term in (81) was already obtained in the previous section [cf. (68)].
Here we determine ¢(7). The relevant Langevin equations are obtained from
(34)-(36) with y = y,, where y, is the stable equilibrium state under considera-
tion:

dfo/dt = ?’150 + o (83)
dé,fdt = y1€, + Fyal€® — (D] + 41 (34)
déoldt = yi1€a + vabouoe + €1) + vséo® + 42 (85)

where we have set {£,®> = 0 because &, is Gaussian (cf. footnote 3), and
&€y = 0 by virtue of (80a) (cf. the appendix). We multiply (83) by £:(0),
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(84) by £,(0), and (85) by £4(0), take ensemble averages, add the resulting
equations, and obtain for » > 0

dp(7)ldr — y19(7) = Jy2{€*(7)€1(0)> + toya{Eo(7)€0(0))
+ 72€o(1)E1(1)E6(0)> + FyaE’()Ex(0)>  (36)
where we replaced ¢ by 7, and used [cf. (39b), (42b), and footnote 4]
do(1)€20)) + <d5()éo(0)) + <du(1)é:(0)> = 0
Since £y(7) is a Gaussian process, the last term in (86) can be evaluated as

CEP(NEAD) = 3% (Eo(M)EO)) ®7)

where we use

8182838+ = {81820C838s) + 81850C8284) + 81849C8285>

for a Gaussian multivariate.
The ug, in (85) is obtained from (61) with #,, = 0 as

Uuge = —(va/2y1 X&) (88)
Substitution of (88) and (87) in (86) yields
dp/dr — y19 = a:{€(T)ée0)> + ¥2Z(7), 7>0 (89)
where we have defined
ar = & lys — (va?/r)] (90)
Z(7) = €o(1)§1(1)Ee(0)) + HKE(nEO0)) ©n

By differentiating Z (7) with respect to 7 and eliminating the derivatives of &,
and ¢ using (83) and (84), one gets

dZ[dr — 2 Z = 3yal€*(1)Eu(0)> — <€e®><€o(7)e(0))]
+ {o(n)€1()€0(0)) + (do()éu(7)€:(0))
+ {0u(n)éo(Mée(0)), 7 >0 02)

The first term in (92) is already calculated in (87). The last three terms are
given by (51), so that (92) reduces to

dZ|dr — 291 Z = (y2 + 3¢/} €o(1)€0(0), >0 93)
where ¢’ = ¢;'(¥.). One needs
Z(0) = Ké&2é %4)

to solve (93) for Z (7). Noting that
d<foz(t)§1(t)>/dt =0
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in equilibrium, and using (83) and (84), one can show
Z(0) = —(1/2y)[yaC€0®>? + c2'<€?> + %cs] 93)
by evaluating
2do(1)éo(1)6:(1)> + <au()E0%(1))

from (47) in the derivation.
Taking the Laplace transform of (89) and (93), and using

¢(0) = (ar/ —7)X€o™> + (va/ —y1)Z(0) (96)

[this is obtained also from (89) with dg(7)/dr = 0 at + = 0], we obtain &(s).
Substitution of the latter into (81) yields the Laplace transform of the
correlation function
= 1 a, — a; — 2a €
(D = 2 + 2 1 3
() = <Ed| = Lot

ag—'az €

+
Y1 8§ — 2y

€
+ (a2 + ay) —— 97
@+ag==x| oD
The power spectral density follows from (97) through
G(w) = 2 Re[D(iw)]

as
6w = 2ectpy| Tt 200, Jpla v ), K o)
98)
where, in addition to a, in (90), we have defined
az = —(yafri)ys + %¢2) 99)
a3 = —(ya/2y ) ya€e™ + €' + c53(&e%) (100)

It is observed in (98) that a new relaxation time 1/2|y;| emerges when terms
proportional to €2 are included in the power spectral density. The second term
may be combined with the first one within the accuracy of order € as

_ | 1+ 2e(as — as) 2Aas — as)
G(w) = 2€<fo >|:'}’12(1 _ ue/2)2 ¥ 2)2 + 54)/12 T w2] (101)

where
o= —2a; + ax)ly; (102)

This indicates that the first relaxation time changes from 1/jy;| to
1/]y1|(1 — «e/2) when higher order terms in e are taken into account. These
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general conclusions are in complete agreement with those obtained by van
Kampen® in a special nonlinear model to be discussed below.

The third moment of the fluctuations vanishes in the limit of ¢ —0
because &, was shown to be Gaussian. The first nonvanishing term in the

third moment is proportional to Ve, viz.,

(8 = (§ + Ve by + e = 3V (£> + O(e) (103)

When the system is in a stable equilibrium state, one can use (94) to calculate
{€0%&1) so that

(8 = 2VeZ(0) + 0(e) (104)

where Z(0) is given by (95). {(£2> may be considered a measure of departure
of the distribution of fluctuations from a Gaussian.

7. APPLICATIONS

As a first application of the general conclusions obtained in the previous
sections, we consider Alkemade’s® diode as a nonlinear model system,
which was investigated in detail by van Kampen.”-® The transition proba-
bility per unit time of this model is expressed in proper time units as

o, r) =8 —1)+ e *8(r,1) (105)

where x is the intensive variable, and is related to the number of excess
electrons N on one electrode of the diode by

x =[N + 1] (106)

The smallness parameter e is inversely proportional to the capacitance of the
condenser. The details of this model are summarized by van Kampen® and
will not be reproduced here. The transition probability (105) leads to the
master equation

e%ﬁ =Px+¢€ ~ P(x) + e " OP(x — ¢) — e *P(x)
(107)
The equilibrium distribution is calculated by van Kampen® from (107) as
€ 1 €\2
Pu) = Puf5) ex0| =3; (- 5’| (108)

which is Gaussian with a mean /2.
Substituting the moments ¢,(x) obtained from (105) as

e(x) = (1) + e™* (109)
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into (31), (32), and (55), we obtain the evolution of the mean (x> = y +
g + O(¥'?) and the variance o = (&% as

dyldt = —1 + ¢ (110)
duoldt = —uge™ + e o (11D
doldt = —20e™% + 2 (112)

The equilibrium state is y, = 0, and is stable. From (111) and (112) we find
g, = 1 and u,, = 1/2. The latter implies {x>y = €¢/2, which agrees with the
exact value. The variance of the equilibrium is eo, = ¢, which also agrees with
(108).

The Langevin equations for the fluctuations about the equilibrium state
¥, = 0 are found from (83)—(85) as

g.o + &0 = 4o
L+ b =32 -+ 4
€y + &y = 3&0 + £oby — 365 + 4y
where the properties of the random sources are given by (38)-(42), and where
§o = déo/dt.
To calculate the power spectral density, we find y, = —1, v, = 1,
ys = —1, ¢g’ = —1, and ¢z = 0 from (66) and (67), so that (90), (99), and

(100)lead to a; = 0, a; = 1/2, and a; = 0, respectively. Substitution of these
values into (101) yields

G(w) = 25[(1 —1%5)21 — 3 :wz] (113)
which is identical to the result obtained by van Kampen,® by expanding the
exact power spectral density into a power series in e and retaining terms to
order 2. It is pointed out and demonstrated by van Kampen™® that there are
terms in the exact power spectral density that cannot be obtained by an
expansion method because they are not analytic in e. These terms are small,
of infinite order in ¢, and not of practical significance.

The third moment of the distribution of x is given to order %2 by (104),
which yields (£2> = 0 to this order, since Z(0) = 0. This result also is
consistent with the exact equilibrium distribution (108), which is Gaussian.

A second example is the Weiss-Ising model for a ferromagnet discussed
by Kubo et al.*? It is characterized by

wx, ) =0+ x)e *** 8, —1) + (1 — x)e*+** §(r, 1) (114)
where
x= (N, — NN
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with N, and N_ the numbers of plus and minus spins, and ¥ = N, + N_.
In (114), x and « are proportional to the external magnetic field and molecular
field, respectively. The smallness parameter ¢ is ¢ = 2/N. The moments of
(114) are

(X)) = (D1 + x)e * % + (1 — x)e* %= (115)

The equilibrium states of this system are obtained from c¢,(y.) = 0 as the
roots of

y. = tanh(p + ay,) (116)

The interesting feature of this model is that it possesses a critical equilibrium
¥. = Owhen p = 0 and « = 1, and a marginal equilibrium when « > 1 ata
critical value of u, as can easily be verified by evaluating ¢;'(y.) = y1,
¢1(¥e) = ya, and ¢i(p,) = v;. Since the implications of this model, such as
the anomalous fluctuations, are discussed by Kubo e al.,? we shall not
dwell on it any further.

A nuclear reactor with feedback provides another interesting nonlinear
model system for the application of the general theory. It is characterized by a
transition probability

w(x, 1) = x(B + yx) 8(r, —1) + > Pyp)ox 8(r,v — 1)
+ > Py(m)S, 8(r, m) (117)

where x is the neutron density, 8 and « are the capture and fission rates per
neutron, respectively, y is the feedback coefficient, S, is the external source
per unit volume, and P,(v) and Py(m) are the numbers of neutrons per fission
and per source event. This model is a generalization of the Malthus—Verhulst
model in population statistics discussed by van Kampen.®® We shall present
the implications of this model in a future work.

8. SCALING OF CRITICAL FLUCTUATIONS

Let y, be an equilibrium state for which

c(ye) = ci'(p) == c*" V=0, c1%(ye) # 0 (118)
and assume that the intensive variable x is measured from y,. Then,
ci(x) = xfy(x) (119)

where y,(x) is finite at x = 0. The Langevin equation (25) becomes

dx|dt = xFy(x) + Ve o(t) 120)
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where 4(¢) satisfies [cf. (18)]
GOXD)> = 3Ve Leax)) (121)
Ca(B)a(t)> = Leox)) 8(t — 1) (122)

We assume that ¢,(0) # 0. We want to scale x and ¢ simultaneously such that
we obtain a Langevin equation independent of . Let

x = €'z, t = et (123)
Since 8(e*7) = e~* 8(7), (122) leads to a scaling for the random source 4(¢) as
a(t) = e~2g(7) (124)
Substitution of (124) and (123) into (120) yields
dzjdr = Z%(e'z) + g(7) (125)
provided that we choose
v=1/k+1) (126a)
= —(k - D/k+1) (126b)
With these choices, the scaled random source g(r) satisfies
g(Mz(7)y = $eole’2)) (127)
(r)q(7')> = Leale’z)) &( — ') (128)
In the limit of € — 0, we find the following scaled equations:
dzldr = z%, + q(7) (129)
{g(n)z(7)) = 3¢, (130
g(Dg(7")y = ¢ (v — 7)) (131)

where y, = y(0) and ¢, = ¢5(0). For k = 3 (critical equilibrium) we find
x = ¢*zand t = ¢" 127, and for k = 2 (marginal equilibrium) x = €3z and
t = ¢~ Y37, Thus, the relaxation constants for the fluctuations must accumu-
Jate to zero as Ve in the critical equilibrium case, and as €'® in the marginal
equilibrium case, because z(7) is independent of € inasmuch as it satisfies (129).
This is precisely the scaling rule given by Kubo ef al.'® based on the Kramers-
Moyal expansion of the master equation. It is interesting that the Langevin
description leads to the correct scaling of the relaxation times, even though
by itself it cannot yield the complete relaxation spectrum.
Multiplying (129) by 2z(7) and using (130), we find

d{zHr))ldr = 292" 1) + ¢ (132)
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which leads in equilibrium to

(2 = —(caf2v) (133)

Similarly, multiplying (129) by z(0) and using the causality condition

{qg(7)z(0)) for 7 > 0, we find a similar relation for the correlation function
$(r) = {2(7)z(0)):

dé(7)/dr = ,{2¥(7)z(0)> (134)

Suppose z(r) is Gaussian (for k¥ = 1 this is an exact property). Then, fork = 3

we can obtain an equation for the variance o(7) = <(z2) from (132) using

(2% = 32?2,
do(7)/dr = 6y30%(7) + 5 (135)

Using {z%()z(0)) = 3¢(r)$(0) for a Gaussian process [cf. (87)] in (134), we
find

dp(r)/dr = 3ys$(7)$(0) (136)
We assume y; < 0, so that o(7) in (135) relaxes to an equilibrium
o, = (Co/6|ys])* 12 (137

If 6, is the initial value at ¢ = 0, the solution of (135) can be shown to be, in
real time,

o(t) = o(1 + Ke ™)/(1 — Ke™™) (138)
where
K = (04 — 0.)/(og + @) (139)
X = 2Ve (6cy|ys))' 2 (140)
Near the equilibrium o(¢) behaves as
o(t) = o, (1 + 2Ke ™) (141)

The relaxation of the correlation function in equilibrium is determined from
(136) as

(1) = o™it (142)

The relaxation frequency A in (140) approaches zero as Ve in the limit of
e — 0, as pointed out earlier. The expression (140) is in qualitative agreement
with Eq. (187) of Kubo et al.® for the asymptotic evaluation of relaxation
frequencies. The dependence of A on |yg|, ¢, and e is identical in both resuits,
which differ from each other only by a numerical factor. However, this
agreement may be fortuitous on our part because we do not have a real
justification for assuming the distribution of z to be Gaussian when k& > 1.
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The mean of z when k = 3 follows from (129) as (2> = y;{z%>, which
indicates that the Gaussian assumption for which {z3> = 0 is consistent with
the equilibrium condition {z) = 0. In the case of k = 2 corresponding to a
marginal equilibrium, the Gaussian assumption implies through (132) that
{z%y ~ ¢g7, i.e., the distribution broadens in time without reaching an
equilibrium.

9. CONCLUSIONS

In this paper we have investigated the foundation of the Langevin
equation method of studying fluctuations in a nonlinear Markov process,
and demonstrated how successive Langevin equations can be obtained by
expanding the mean, fluctuations, and random source into a series in powers
of e. To the lowest order in e the Langevin equation is linear with a time-
varying coefficient [¢;'(y) in Eq. (53)] and contains a Gaussian white noise
source. The power spectral density of this source is also time dependent
[eo(y) in Eq. (38d)] in general. The implicit time dependence of ¢;'(y, ¢) and
co(y, t) through y(¢) is given by the deterministic equation y = ¢,(y, ¢). In
time-invariant systems they do not depend on time explicitly. Thus, the
deterministic equation and the Langevin equation provide a general descrip-
tion of the fluctuation even in nonstationary systems, provided cg(y, ¢) is
known.

The description of the fluctuations about equilibrium requires c,(y,) in
addition to ¢;(y), which can be obtained from the macroscopic rate equation
of the system,® Since ¢x(¥.) = 2|¢1'(¥.)|o., where o, is the equilibrium value
of the variance, a knowledge of o, either from measurement or from thermo-
dynamic arguments, if the system is in thermal equilibrium, completes the
description of the fluctuations to the lowest order in e.

The calculation of the power spectral density in equilibrium correct to
order €2 [cf. Eq. (98) or (101)] requires ci(y.), ci(¥e), ca'(¥e), and c5(y,) in
addition to ¢,'(y.) and ¢s(y,). Of course, they are easily calculated if the
transition probability w(x, ) is known. However, the main advantage of the
Langevin equation approach is that it enables one to determine the power
spectral density in terms only of the parameters appearing in the macroscopic
rate equation and the variance, without requiring any other statistical knowl-
edge. We find that in nonlinear systems this is not possible, as one would
expect, if terms of higher order in « than the first are included in the power

5 It is not clear whether the macroscopic rate equation of the system can be interpreted as
the deterministic equation y = ¢:(y), which is the bare transport equation of the system
in conventional terminology.®® One may argue that the macroscopic equation, which
is often known only phenomenologically, is already fluctuation-renormalized,*® so
that this identification can only be an approximation.
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spectral density. However, the additional parameters ¢,'(y.) and cy(y,) may
be obtained experimentally by measuring the variance as a function of the
equilibrium y, [if it is possible to vary y, by changing a parameter in ¢;(y.)
without changing c,()] and the third moment of the fluctuations. The latter
yields cg(y,) through (104) if ¢;'(y.) is already determined.

If the transition probability w(x, r) is known, as is the case in the physical
models presented in Section 7, one can of course attempt to solve the master
equation directly as was done by van Kampen® and Kubo et al.® The
Langevin equation method in such cases may be considered as an alternative
approach to the study of fluctuations in nonlinear systems.

APPENDIX. THE PROOF OF (80a)

Assume ¢ > ¢’ and multiply (83) by £,(¢"), multiply (84) by £q(¢"), average,
and add the resulting equations. Using (42a), one finds
00, t)jot = y1Q + Ty l&P)é(t)), 1>t

where
01, 1) = (&) + (E(t)é()

Since £,(¢) is Gaussian, the last term on the right-hand side is zero, so that
we have

@, 1) = {exply:(t — OBQCE, 1), >t
Now multiply (83) by £,(¢), (84) by £4(¢), and again use (42a) to get

do(t, Djdt = 2y, Q, 1)

In equilibrium Q(t, ) = 0, so that Q(t, t) and hence Q(z, ') vanish for all ¢,
proving (80a).
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